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Two special cases of the category of groups defined in the head-

ing of this paper have been considered, viz., when the square of

each of the two generating operators (s 1} s
2 ) is transformed either

into itself or into its inverse by the other. 1 In each of these cases

it was found that the orders of s lt s 2 do not have an upper limit.

It will be found that both of these orders must always have an

upper limit unless at least one of these operators transforms the

square of the other either into itself or into its inverse.

The given conditions give rise to the following equations

:

1 2 1 2 J ** *^ 1 *^ •>
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If at least one of the two numbers a, b were odd the order of the

corresponding operator would be odd, and hence the group (G)

generated by s lt s 2 could be generated by a cyclic group of odd

order and an operator transforming this group into itself. As

many of the properties of such a group are known we shall confine

our attention in what follows to the cases when both a and b are

even numbers, and hence we shall assume that the conditions under

consideration are written in the form

1 *^2 1 " 2 ' 2 1 2 ' *^1 •

Some fundamental properties of *„ s 2 may be deduced from

these equations in the following manner:
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•Cf. Paris Comptcs Rcndus, Vol. 149 (1909), p. 843.
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From the last equation it follows that each of the two operators

* XP-O s* {a "-
l)

is invariant under G and therefore it results from

the first set of equations that

s 2(/J*-l) _ s 2/3(02-1) Qr s 2(J3-1X0 2 -1) _
l
—

_y
2(a-lXa*-l)_

By combining the last equation with

it results that

p20*-l)_c2(l-a J
)

f 2<a-lX/3*-l) _ T —C 2Cfl-lXa*-n

By transforming .y,
2 by s^'-v and */ by s 2

2(a °~
1)

it is clear that the

orders of sv s 2 must divide respectively

2(^-
, " 1 >- I) and 2 (a 2( <5

'- , >- i).

The orders of s1} s 2 must therefore divide the highest comon fac-

tor of

2(/?-l)(/? 2 -l), 2 (a-l)(^-l), 2(^^-1)
and

2 ( a _ !)(.»— I), 2 (/?-l)(a 2 -l), 2(a^ 2- 1>-l)

respectively.

The subgroup (H) generated by s^, s 2
2

is evidently invariant

under G and the corresponding quotient group is dihedral. As the

commutator subgroup of H is composed of invariant operators un-

der G the fourth derived of G is always the identity.

§ 2. Groups generated by tivo operators which satisfy one of the

folloiving sets of conditions:

«j 2 1 * y ° *^i"*> *^i j "l 21 2 y ° *^i*^q »3 1

The first set of relations implies that a = /? = 2. Hence it

results from the preceding section that the orders of s lr s 2 must

divide 6. If these orders are 6 H is of order 9 and s
x
s

2 transforms

the operators of H into their inverses. Hence s
x
s 2 is of even order.

If this order is 2 the group generated by H and s
x
s 2 is of order 18,

and it is completely determined by the facts that it contains the

non-cyclic group of order 9 and an operator which transforms each

operator of this non-cyclic group into its inverse. In this case G
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is of order 36 and such a G can clearly be generated by the two

substitutions

s 1
= abc • de, s 2

= ab • def.

As we may annex to these substitutions any constituents of order

2 in new letters it results that the order of s^o is an arbitrary even

number and hence the order of G is an arbitrary multiple of 36.

To prove that there is only one such group of a given order the

following considerations are helpful. The cyclic group generated

by (.Mo)
2 has only the identity in comomn with H since s t s 2 trans-

forms each operator of H into its inverse. This cyclic group is

invariant under G. In fact each of its generators is transformed

into itself by half the operators of G and into its inverse by the rest

of these operators since (s 2s
x )

2 = (-s^) -2 =
*i~

lj
i~

a
*a~

lj
i"

1 = «y 2
2
-V

2
'

s.^s^s.^sf 1 = Vi"
4^" 4

. It is now clear from the general theory 2

of simply isomorphic groups that if s lt
s 2 ; s^

1
, s

2

x are two pairs of

operators satisfying the given conditions and if they generate groups

of the same order these groups are necessarily simply isomorphic.

Hence the theorem : // each of two operators of order 6 transforms

the square of the other into its fourth poivcr these operators may
be so selected that they generate a group whose order is an arbi-

trary multiple of 36 and there is only one group of each such order

which can be generated by tzvo of its operators of order 6 satisfying

the given conditions. The second derived of each of these groups

is unity.

When the order of only one of the two operators s lt s2 is 6 that

of the other must be 2, since it transforms the square of the former

into its inverse. In this case H is the cyclic group of order 3

and the order of G is an arbitrary multiple of 12. The second

derived of all of these groups is the identity since (s
i

s.
2

)~ and .?,'-

rate an invariant abelian group and the corresponding quotient

group is the four-group. When the order of J, is 3 that of s., must

be 2 and G is the lymmetric group of order 6. If s lt s t
aiv both

of order 2 they may be so selected as to generate an arbitrary

dihedral group. Combining these results we have that when $v s t

are both of order 2 they may generate one and only one group of

'Bulletin of the American Mathematical Society, Vol. 3 ( 1 R<>7 ) , p. 218.



i9io.] BY TWOOPERATORS. 241

a given order and this order is an arbitrary even number greater

than 2; when one of these operators is of order 6 while the other

is of order 2 they may generate one and only one group whose

order is a given multiple of 12; when both of them are of order 6

the order of the group generated by them is a multiple of 36 and

they may be so selected as to generate a group whose order is an

arbitrary multiple of 36, but each such group is completely deter-

mined by its order.

If we consider all the possible groups which can be generated

by two operators satisfying the two conditions under consideration

it results from the above that there are exactly three such for every

order which is a multiple of 36, one of these is dihedral, another

is generated by an operator of order 6 and an operator of order 2,

while the third is generated by two operators of order 6. When
the order is divisible by 12 but not by 36 there are two and only

two such groups, while the dihedral group is the only one that

can be generated by two such operators whenever the order is any

other even number greater than 2.

When s lt s 2 satisfy the relations s l

~ 1 s 2
2s

1
= s 2

-*, s 2

~ 1 s
1

2s 2
= s 1

~*

their orders must divide 18 according to the general formulas of

the preceding section. The following substitutions prove that these

prders may be exactly 18:

sx
= acegibdfh • jk, s 2

= abide cghf • Itn.

As s^ 2
r= agd • belt jk • lm the order of the group generated by

these two substitutions is 108. The smallest group that can be

generated by two operators of order 18 which satisfy the given

conditions is of order 54 and such a group is clearly generated by

the two substitutions acegibdfh • jk, abidccghf • jk.

In general, s x
3

is commutative with s 2
2 and hence with every

operator of H. Similarly, it may be observed that s</ is com-

mutative with every operator of H. From this it results that every

operator of the dihedral group generated by s
x

9
, s 2

9
is commutative

with every operator of H. It is also clear that these groups can have

only the identity in common since the former contains no invariant

operator of odd order. It therefore results that G must involve the
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direct product of H and this dihedral group. As these two groups

clearly generate G it results that G is this direct product. That is, if

two operators of order 18 satisfy the conditions s
1

~ 1 s 2
2s

1
= s 2

~ i
,

s 2

~ ls
i 2s = s i~* tne y generate the direct product of a dihedral group

and a certain non-abelian group of order 27. Moreover, every such

direct product can be generated by two operators of order 18 satis-

fying the given conditions.

If only one of the two operators s
x , s 2 is of order 18 the other

must be of order 9 since s
x

2
, s 2

2 cannot be commutative. That is,

if an operator of order 18 and an operator whose order is not 18

satisfy the conditions s 1

~ 1 s 2
2s

1
= s 2

~*, s 2

~ 1s
1

2s 2
= sf* these operators

must generate the direct product of the group of order 2 and

a certain group of order 27. When s lf s 2 are both of order 9
they generate a group of order 27, and when both are of order 2

they generate a dihedral group. Combining these results we have

that if two non-commutative operators satisfy the two conditions

Sy-
1 s 2

2s
1
= s 2

~*, s 2
~ 1 s 1

2s 2
= Sj-* their orders have one of the follow-

ing pairs of values 18, 18; 18, 9; 9, 9; 2, 2. In the first and last

of these cases G may be any one of an infinite system of groups

;

viz., any dihedral group in the last case, and the direct product of

such a group and a certain group of order 27 in the first case. In

each of the other two cases there can be only one group, viz., the

non-abelian group of order 27 which involves operators of order

9 in the third case, and the direct product of this group and the

group of order 2 in the second case.

University of Illinois,

December, 1909.


